Let φ and f be functions in the Laguerre-Pólya class. Write φ(z) = e −αz 2 φ 1 (z) and f (z) = e −βz 2 f 1 (z), where φ 1 and f 1 have genus 0 or 1 and α, β 0. If αβ < 1/4 and φ has infinitely many zeros, then φ(D)f (z) has only simple real zeros, where D denotes differentiation.
Introduction
In this paper we answer a question of Craven and Csordas stated in [1] One of the reasons for studying the Laguerre-Pólya class is its relationship to the Riemann zeta function. Let On the other hand, if the Weierstrass product for φ contains the genus two factor e −αz 2 and if f has order less than two, the assumption that φ has infinitely many zeros is not necessary. Theorem 3.10 in [1] states that if α > 0 and if g is a function in LP of order less than 2, then the zeros of e −αD 2 g(z) are simple and real. Consequently, if φ(z) = e −αz 2 φ 1 (z), where α > 0 and φ 1 (z) has genus less than two, then
With suitable hypotheses φ(D)f (z)
has only simple zeros even if φ 1 (z) has finitely many zeros. If φ lacks the genus two factor e −αz 2 and has finitely many zeros, the conclusion of the theorem does not hold.
Preliminaries
For φ(z) = ∞ k=0 a k z k ∈ LP and f ∈ LP it is important to know when the expression
makes sense. For our purposes, the following well-known result will suffice. 
Proof of Theorem 1
In this section we will prove Theorem 1. The proof builds upon results from the paper of Craven and Csordas [1] and upon well-known facts about entire function as in Levin [2] .
The basic outline of the proof of Theorem 1 is as follows: We begin by studying the effect of individual factors in the Weierstrass product for φ(D) on f (z). Thus, in Lemmas 3-5, we consider the expression h = f − α −1 f . We show that if h has a zero of order m 2 at x 0 , then f has a zero of order at least m + 1 at x 0 . This fact will be used to prove Lemma 6 which says that in a fixed interval the expression 
Proof. Although this is a special case of Lemma 2, we recall the elementary argument. Since f is the uniform limit of a sequence of real polynomials {f n } having only real zeros, f is the uniform limit of the sequence {f n }. Because each f n has only real zeros, each f n also has only real zeros. Hence, the zeros of f are also real, and f ∈ LP. Then
So, h is also in LP. 2
Lemma 4 (Laguerre inequalities
). Let f ∈ LP. Then f (n) (z) 2 − f (n−1) (z)f (n+1) (z) 0, −∞ < z < ∞, n 1.
Equality holds if and only if f (n−1) (z) is of the form ce αz or if z is a multiple root of f (n−1) (z).
Proof. We follow the explanation in [3, p. 69 
Otherwise, we express f (z) as a Weierstrass product
This shows that if f (z) is not of the form ce αz and if z is real but not a root of f , then
By continuity
for all real z with equality if and only if f (z) is of the form ce αz or z is a multiple root of f . Since the derivative of a function in LP is also in LP, inequalities (1) and (2) Proof. Since h(z) has a zero of order m at x 0 ,
Since Proof. Assume, to the contrary, that for some A > 0 there is a sequence 0 < n 1 < n 2 < n 3 < · · · such that φ n j (D)f (z) has a zero x j of multiplicity at least two in the interval (−A, A). By Lemma 5, x j is a zero of f (z) of order at least n j + 2. Since the sequence n j + 2 is unbounded, f (z) has zeros of arbitrarily large order in the finite interval (−A, A). This is impossible since f (z) is entire. 
